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Abstrat. We prove an existene and uniqueness of solution for the Cauhy
problem of the simplest nonlinear short-wave equation, utx = u − 3u
2
, with
periodi boundary ondition.
1. Introdution
In this paper we onsider the Cauhy problem for the short-wave equation
(1.1) utx = u− 3u
2,
with the periodi boundary ondition (L > 0)
(1.2) u(0, t) = u(L, t), t ≥ 0,
and the initial ondition
(1.3) u(x, 0) = φ(x), ∀x ∈ R.
Here, u(x, t) represents a small amplitude depending on one-dimensional (fast)
spae variable x and (slow) time t.
Nonlinear evolution of long waves in dispersive media with small amplitude in
shallow water is a well known subjet and desribed by many mathematial models
suh as the Boussinesq equation [3, 8℄, the KdV equation [5℄, or the Benjamin-Bona-
Mahony-Peregrine equation (BBMP) [1, 7℄. In ontrast, for short-waves, ommonly
alled ripples, only a few results exist [6, 4, 2℄. When we speak of long or short-
waves, we are referring to an underlying spaesale, X , to whih all spae variables
have been ompared. Thus, for instane, for the surfae-wave motion of a uid, the
unperturbed depth serves as a natural parameter. The shortness of the waves is
referred to this underlying parameter.
The short-wave equation (1.1) is derived in [6℄ via multiple-sale perturbation
theory from BBMP and governs the leading order term of the asymptoti dynamis
of short-waves sustained by BBMP. A rst study of equation (1.1) is done in [4℄.
Briey, we sketh here its derivation. Start from BBMP
(1.4) UT + UX − UXXT = 3(U
2)X ,
2000 Mathematis Subjet Classiation. 34A12, 34A34, 35Q35, 35Q53.
Key words and phrases. Cau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the model equation for the unperturbed equation to whih we will nd the short-
wave limit. Here, U(X,T ) represents a small amplitude depending on one dimen-
sional spae variable X and time T . Its linear dispersion relation, ω(k), is real (this
means that we are not dealing with dissipative eets) and is given by
(1.5) ω(k) =
k
1 + k2
,
having zero limit when k → ∞. The phase and group veloity are all bounded in
the short-wave limit k → ∞. This property allows BBMP to sustain short-waves.
In fat, let us onsider a short-wave with harateristi lenght ℓ = ε ∼ k−1, with
k ≫ 1. Dene the saled (fast) spae variable x = ε−1X (ε≪ 1). The harateristi
time assoiated with short-waves is given by looking at the dispersive relation of
the linear part for the time variable. In our ase, ω(ε−1) = ε − ε3 + ε5 − · · · . In
this way, we obtain the saled (slow) time variable t = εT. We are lead thus to the
saled variables x = ε−1X and t = εT, whih transforms the X and T derivatives
into ∂X = ε
−1∂x and ∂T = ε∂t. Assume now the expansion U = u0 + εu1 + · · · .
Passing to the x and t variables and integrating in x, we have the lowest order
in (1.4) in the form
(1.6) u0tx = u0 − 3(u0)
2.
For simpliity, writing u0 as u, we obtain (1.1).
Under ertain onditions, we prove, in the next setion, the existene and unique-
ness of solutions for (1.1)  (1.3).
2. Main result
Let u = u(x, t) be a lassial solution to the Cauhy problem, that is, a twie
ontinuously dierentiable funtion satisfying (1.1) - (1.3). Integrating the left-hand
side of (1.1) in x, from 0 to L, and using (1.2), we get
d
dt
∫ L
0
ux(x, t)dx =
d
dt
(u(L, t)− u(0, t)) = 0.
Therefore, from (1.1), we have
(2.1) 0 =
d
dt
∫ L
0
ux(x, t)dx =
∫ L
0
(
u(x, t)− 3u2(x, t)
)
dx.
Thus, it is natural to onsider only initial onditions satisfying (2.1).
Note also that the L2-norm of ux(·, t) is a onstant. Indeed, multiplying both
sides of (1.1) by ux and integrating in x, from 0 to L, we obtain
1
2
d
dt
|ux(·, t)|
2
2
=
d
dt
∫ L
0
u2x(x, t)
2
dx =
∫ L
0
(
u(x, t)− 3u2(x, t)
)
ux(x, t)dx
=
∫ L
0
∂
∂x
(
u2(x, t)
2
− u3(x, t)
)
dx
(2.2) =
(
u2(L, t)
2
− u3(L, t)
)
−
(
u2(0, t)
2
− u3(0, t)
)
= 0.
This observation is of importane in the proof of a global existene.
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We will seek for solutions to problem (1.1) - (1.3) in a generalized sense. Namely,
onsider a formal Fourier series
(2.3) u(x, t) =
∞∑
n=−∞
un(t)e
i 2pi
L
nx, u−n = un,
with oeients depending on t. Assume that
u(x, 0) = φ(x), x ∈ R,
where φ is an L-periodi funtion. It is assumed that u−n = un or, equivalently,
u(x, t) ∈ R. Formally substituting Fourier series (2.3) in the dierential equation
we obtain a system of ordinary dierential equations
(2.4)
dun(t)
dt
= −
iL
2πn

un(t)− 3 ∑
α+β=n
n∈Z
uα(t)uβ(t)

 , n 6= 0.
(Denote un(t) simply by un.) Note that, for n = 0, we do not obain a dierential
equation for u0, but a onstraint relating u0 to all the others Fourier modes. Sine
u0 is the real funtion u average value over the domain of periodiity, we obtain
the equation
(2.5) u0 − 3u
2
0
= 3
∑
n∈Z
n 6=0
|un|
2
.
It admits real solutions
(2.6) u0 =
1
6

1±
√√√√1− 36∑
n∈Z
n 6=0
|un|
2

 ,
only if
∑
n∈Z
n 6=0
|un|
2
≤ 1/36. For deniteness assume from now on that the sign in
formula (2.6) is plus, for example. The other hoie is essentially the same, the
major dierene being the fat that it results in waves travelling in the opposite
diretion [4℄.
Rewrite (2.4), in the integral form
(2.7) un(t) = φn −
iL
2πn
∫ t
0

un(s)− 3 ∑
α+β=n
n∈Z
uα(s)uβ(s)

 ds, n 6= 0,
Denote by H the spae of omplex sequenes v = {vn}n∈Z with the norm
|v| =

|v0|2 +∑
n∈Z
n 6=0
n2|vn|
2


1/2
.
The spae of L-periodi funtions u with the Fourier oeients fromH : {un}
∞
n=−∞ ∈
H , we shall also denote by H . Let
φ(x) =
∞∑
n=−∞
φne
i 2pi
L
nx ∈ H,
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with φ−n = φn. We say that a funtion u ∈ C ([0,∞), H),
t→ u(t) =
∞∑
n=−∞
un(t)e
i 2pi
L
nx, u−n = un,
is a solution to problem (1.1) - (1.3), if u˙ ∈ L∞ ([0,∞), H), and the Fourier oe-
ients un satisfy (2.6), (2.7), and un(0) = φn, for all n.
Now we are in a position to formulate the main result of this paper.
Theorem. If φ ∈ H satises ∑
n∈Z
n 6=0
n2|φn|
2 < 1/72
and ∫ L
0
(
φ(x) − 3φ2(x)
)
dx = 0,
then problem (1.1) - (1.3) has one and only one solution. For all t ≥ 0, the
Fourier series (2.3) onverges uniformely in x. Its sum is dierentiable in x. The
derivative satises the onditions ux(·, t) ∈ L2([0, L], R) and ux(x, ·) ∈ C([0,∞[, R).
Moreover, ux is dierentiable in t and (1.1) holds.
We divide the proof in several steps. First note that the ondition∫ L
0
(φ(x) − 3φ2(x))dx = 0,
implies
φ0 = 3|φ0|
2 + 3
∑
n∈Z
n 6=0
|φn|
2.
From this, we get
(2.8) φ0 =
1
6

1±
√√√√1− 36∑
n∈Z
n 6=0
|φn|2

 .
Sine ∑
n∈Z
n 6=0
|φn|
2 ≤
∑
n∈Z
n 6=0
n2|φn|
2 < 1/72,
φ0 is well dened.
Let v(·) ∈ L∞ ([0, T ], H). The norm in this spae we shall denote by ‖v‖. Dene
an operator f : L∞ ([0, T ], H)→ L∞ ([0, T ], H) as follows:
fn(v(·))(t) = φn −
iL
2πn
∫ t
0
(
vn(s)− 3
∞∑
k=−∞
vk(s)vn−k(s)
)
ds, n 6= 0,(2.9)
f0(v(·))(t) =
1
6

1 +
√√√√1− 36∑
n∈Z
n 6=0
|fn(v(·))(t)|2

 .(2.10)
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Let M > 0. Denote by Φ ∈ L∞ ([0, T ], H) the onstant funtion Φ(t) ≡ φ and
onsider a omplete metri spae
VTM = {v(·) ∈ L∞ ([0, T ], H) | ‖v − Φ‖ ≤M}
with the metri indued by L∞ ([0, T ], H). We need the following auxiliary results.
Proposition 2.1. If ∑
n6=0
n2|φn|
2 < 1/72
and T is suiently small, then f is well dened and is a ontrative map from
VTM into VTM .
Proof. Sine
fn(v)(t) − fn(w)(t) = −
iL
2πn
∫ t
0
[
(vn(s)− wn(s))
+3
∞∑
k=−∞
((vk(s)− wk(s))vn−k(s) + wk(s)(vn−k(s)− wn−k(s))
]
ds, n 6= 0,
we have
∑
n∈Z
n 6=0
n2|fn(v)(t)− fn(w)(t)|
2 ≤ (const)
∑
n∈Z
n 6=0

∫ t
0

 |vn(s)− wn(s)|
+
∞∑
k=−∞
(|vk(s)− wk(s)||vn−k(s)|+ |wk(s)||vn−k(s)− wn−k(s)|
]
ds
]2
≤ (const)t
∑
n∈Z
n 6=0
∫ t
0

 |vn(s)− wn(s)|
+
∞∑
k=−∞
|vk(s)− wk(s)|(|vn−k(s)|+ |wn−k(s)|)
]2
ds
≤ (const)t
∑
n∈Z
n 6=0
∫ t
0

 |vn(s)− wn(s)|2
+
(
∞∑
k=−∞
|vk(s)− wk(s)|(|vn−k(s)|+ |wn−k(s)|)
)2 ds
≤ (const)t
∑
n∈Z
n 6=0
∫ t
0

 |vn(s)− wn(s)|2 + |v0(s)− w0(s)|2(|vn(s)|2 + |wn(s)|2)
+

∑
k 6=0
1
k2

 ∞∑
k=−∞
k2|vk(s)− wk(s)|
2(|vn−k(s)|
2 + |wn−k(s)|
2)

 ds
THE CAUCHY PROBLEM FOR A SHORT-WAVE EQUATION 6
≤ (const)t
∫ t
0

∑
n∈Z
n 6=0
|vn(s)− wn(s)|
2 + |v0(s)− w0(s)|
2
∑
n∈Z
n 6=0
(|vn(s)|
2 + |wn(s)|
2)
+
∞∑
k=−∞
k2|vk(s)− wk(s)|
2
∑
n∈Z
n 6=0
(|vn(s)|
2 + |wn(s)|
2)

 ds
≤ (const)t
∫ t
0

1 +∑
n∈Z
n 6=0
(|vn(s)|
2 + |wn(s)|
2)

 ds‖v − w‖2
≤ (const)T 2(1 + ‖v‖2 + ‖w‖2)‖v − w‖2.
We have thus proved the following inequality
(2.11)
∑
n∈Z
n 6=0
n2|fn(v)(t) − fn(w)(t)|
2 ≤ (const)T 2(1 + ‖v‖2 + ‖w‖2)‖v − w‖2.
We also have
|f0(v)(t) − f0(w)(t)|
2 =
1
36
∣∣∣∣∣∣∣∣
√√√√1− 36∑
n∈Z
n 6=0
|fn(v)(t)|2 −
√√√√1− 36∑
n∈Z
n 6=0
|fn(w)(t)|2
∣∣∣∣∣∣∣∣
2
≤
(const)
∑
n∈Z
n 6=0
(|fn(v)(t)|
2 + |fn(w)(t)|
2)∣∣∣∣√1− 36∑n∈Zn 6=0 |fn(v)(t)|2 +
√
1− 36
∑
n∈Z
n 6=0
|fn(w)(t)|2
∣∣∣∣
2
(2.12) ×
∑
n∈Z
n 6=0
|fn(v)(t) − fn(w)(t)|
2.
The inlusion v ∈ VTM implies ‖v‖
2 ≤ (‖Φ‖ + ‖Φ− v‖)2 ≤ (‖Φ‖ +M)2. Sine
Φ = f(0), from (2.11) we get∑
n∈Z
n 6=0
n2|fn(v)(t) − φn|
2 ≤ (const)T 2(1 + (‖Φ‖+M)2)2.
Therefore ∑
n∈Z
n 6=0
|fn(v)(t)|
2 ≤ 2
∑
n∈Z
n 6=0
n2|φn|
2 + 2
∑
n∈Z
n 6=0
n2|fn(v)(t) − φn|
2
≤ 2
∑
n∈Z
n 6=0
n2|φn|
2 + (const)T 2(1 + (‖Φ‖+M)2)2 ≤ σ <
1
36
,
whenever T > 0 is small enough. Thus the map f is well dened (see (2.9) and
(2.10)). From (2.11) and (2.12) we obtain
|f0(v)(t) − f0(w)(t)|
2 ≤ (const)
∑
n∈Z
n 6=0
|fn(v)(t) − fn(w)(t)|
2
≤ (const)
∑
n∈Z
n 6=0
n2|fn(v)(t) − fn(w)(t)|
2 ≤ (const)T 2(1 + ‖v‖2 + ‖w‖2)‖v − w‖2.
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Invoking again (2.11), we get
‖f(v)− f(w)‖2 ≤ (const)T 2(1 + ‖v‖2 + ‖w‖2)‖v − w‖2
(2.13) ≤ (const)T 2(1 + (‖Φ‖+M)2)‖v − w‖2.
Speially we have
‖f(v)− Φ‖2 ≤ (const)T 2(1 + (‖φ‖ +M)2)2 ≤M2,
for small T > 0. Thus we see that f : VTM → VTM and from (2.13) it follows that
f is a ontration, whenever T > 0 is small enough.

Proposition 2.2. Let u ∈ L∞ ([0, T ], H) be a solution to the equation u = f(u).
Assume that ∑
n∈Z
n 6=0
n2|un(t)|
2 ≤ δ < 1/36.
Then u ∈ C ([0, T ], H) and u˙ ∈ L∞ ([0, T ], H).
Proof. Similarly to inequality (2.12) we get
|u(t2)− u(t1)|
2 = |u0(t2)− u0(t1)|
2 +
∑
n∈Z
n 6=0
n2|un(t2)− un(t1)|
2
≤ (const)
∑
n∈Z
n 6=0
n2|un(t2)− un(t1)|
2.
From (2.9) we see that the right side of the inequality is less than or equal to
(const)|t2 − t1|
∑
n∈Z
n 6=0
∣∣∣∣∣∣
∫ t2
t1
(
|un(s) + 3
∞∑
k=−∞
|uk(s)||un−k(s)|
)2
ds
∣∣∣∣∣∣
≤ (const)|t2 − t1|
∑
n∈Z
n 6=0
∫ t2
t1

1 + |u0(s)|2 +

∑
k∈Z
k 6=0
1
k2

∑
k∈Z
k 6=0
k2|uk|
2

∑
n∈Z
n 6=0
|un(s)|
2ds
≤ (const)|t2 − t1|
2.
This proves the ontinuity of u(t). Sine
|u˙0|
2 =
9
∣∣∣∑ n∈Z
n 6=0
(u˙nu−n + unu˙−n)
∣∣∣2
1− 36
∑
n∈Z
n 6=0
|un|2
≤ (const)
∑
n∈Z
n 6=0
|u˙n|
2
∑
n∈Z
n 6=0
|un|
2
and
∑
n∈Z
n 6=0
n2|u˙n|
2 =
∑
n∈Z
n 6=0
(
L
2π
)2 ∣∣∣∣∣∣∣un − 3
∑
n∈Z
n 6=0
ukun−k
∣∣∣∣∣∣∣
2
,
we have
|u˙0|
2 +
∑
n∈Z
n 6=0
n2|u˙n|
2 ≤ (const)
∑
n∈Z
n 6=0
∣∣∣∣∣∣∣un − 3
∑
n∈Z
n 6=0
ukun−k
∣∣∣∣∣∣∣
2
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≤ (const)
∑
n∈Z
n 6=0

|un|2 + |u0|2|un|2 +

∑
k∈Z
k 6=0
1
k2

∑
k∈Z
k 6=0
k2|uk|
2|un−k|
2


≤ (const)

1 + |u0|2 +

∑
k∈Z
k 6=0
1
k2

∑
k∈Z
k 6=0
k2|uk|
2

∑
n∈Z
n 6=0
|un|
2 ≤ (const).
Thus u˙ ∈ L∞([0, T ], H). 
Remark. Note that we also proved that the funtion u ∈ C ([0, T ], H) is Lips-
hitzian.
Now show that generalized solutions also satisfy property (2.2).
Proposition 2.3. Assume that u ∈ L∞ ([0, T ], H) satises (2.6). Then∑
n∈Z
n 6=0
n2|un(t)|
2 = (const).
Proof. Indeed, we have
d
dt
∞∑
n=−∞
(
2πn
L
)2
|un|
2 =
∞∑
n=−∞
(
2πn
L
)2
(u˙nu−n + unu˙−n)
=
2πi
L
∞∑
n=−∞
n
[
un
(
u−n − 3
∞∑
k=−∞
uku−n−k
)
− u−n
(
un − 3
∞∑
k=−∞
ukun−k
)]
= −
6πi
L
S,
where
S =
∞∑
n=−∞
n
[
un
∞∑
k=−∞
uku−n−k − u−n
∞∑
k=−∞
ukun−k
]
.
Observe that
S =
∞∑
n,k=−∞
nunuku−n−k −
∞∑
n,k=−∞
nu−nukun−k = 2
∞∑
n,k=−∞
nunuku−n−k.
On the other hand, introduing a new summation index m = n− k, we an rewrite
S in the following form:
S =
∞∑
n,k=−∞
nunuku−n−k−
∞∑
m,k=−∞
(m+k)u−m−kukum = −
∞∑
m,k=−∞
ku−m−kukum.
Combining this with the previous equality, we get S = −S/2. Thus S = 0. 
Proof of Theorem. From Proposition 2.1 we see that the problem under onsider-
ation has one and only one solution u ∈ L∞ ([0, T ], H), whenever T > 0 is small
enough. By Proposition 2.2 u ∈ C ([0, T ], H) and u˙ ∈ L∞ ([0, T ], H). Finally,
Proposition 2.3 implies the existene of the solution for all t ≥ 0.
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Show that, u(x, t), the sum of Fourier series (2.3) satises (1.1). From the
inequality
∑
n∈Z
n 6=0
|un(t)| ≤
√√√√√√

∑
n∈Z
n 6=0
1
n2

∑
n∈Z
n 6=0
n2|un(t)|2 = (const)
we see that Fourier series (2.3) onverges uniformely in x for all t ≥ 0. The inequal-
ity
∞∑
n=−∞
∣∣∣∣∣
∞∑
k=−∞
uk(t)un−k(t)
∣∣∣∣∣ ≤
∞∑
k=−∞
|uk(t)|
∞∑
n=−∞
|un(t)|
implies that the series
∞∑
n=−∞
(
∞∑
k=−∞
uk(t)un−k(t)
)
ei
2pi
L
nx
onverges for all t ≥ 0. Multiplying (2.7) by ei
2pi
L
nx
and adding the obtained
equalities, we get
∞∑
n=−∞
i
2π
L
nun(t)e
i 2pi
L
nx =
∞∑
n=−∞
i
2π
L
nφne
i 2pi
L
nx
+
∑
n∈Z
n 6=0
∫ t
0

un(s)− 3 ∑
α+β=n
n∈Z
uα(s)uβ(s)

 ei 2piL nxds
From the Lebesgue theorem and the above estimates we have
ux(x, t) = φx(x) +
∫ t
0
∑
n∈Z
n 6=0

un(s)− 3 ∑
α+β=n
n∈Z
uα(s)uβ(s)

 ei 2piL nxds.
Combining this with (2.5) we obtain
ux(x, t) = φx(x) +
∫ t
0
(u(x, s)− 3u2(x, s))ds.
This ends the proof. 
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